We propose to synthesize arbitrary nonclassical motional states in optomechanical systems by using sideband excitations and photon blockade. We first demonstrate that the Hamiltonian of the optomechanical systems can be reduced, in the strong single-photon optomechanical coupling regime when the photon blockade occurs, to one describing the interaction between a driven two-level trapped ion and the vibrating modes, and then show a method to generate target states by using a series of classical pulses with desired frequencies, phases, and durations. We further analyze the effect of the photon leakage, due to small anharmonicity, on the fidelity of the expected motional state, and study environment induced decoherence. Moreover, we also discuss the experimental feasibility and provide operational parameters using the possible experimental data.
I. INTRODUCTION
Whether macroscopic mechanical resonators behave quantum mechanics is a long-outstanding debate of the fundamental physics [1] [2] [3] . Recent experimental progresses on, e.g., ground-state cooling and the fabrication of high-frequency mechanical resonators, push forward the process to end this debate. In existing literatures, several methods have been proposed to cool the mechanical resonators to their ground state in various types of the nano-structures, e.g., doubly clamped beams, singly clamped cantilevers, radial breathing modes of micro-toroids, and membranes. The potential applications of mechanical resonators in the quantum regime can be referred to, e.g., quantum information processing and sensitive quantum detection of very weak forces.
It is well known that quantum superpositions are main resources for quantum information processing. Many theoretical proposals and experimental demonstrations have been presented to generate and manipulate quantum superposed states. For example, we have theoretically studied how to generate superpositions of different Fock states for microwave photons [4] , and later on experimentalists produced Fock states [5] and arbitrary superpositions [6] of different Fock states by coupling a single-mode microwave cavity field to a superconducting phase qubit. Similarly, particular nonclassical phonon states of the vibrational mode of trapped ions have been theoretically studied [7] [8] [9] [10] and experimentally demonstrated [11, 12] . However, the generation of arbitrary nonclassical motional states (hereafter, we call them as phonon states) in macroscopic mechanical resonators with low-frequencies is still an open question.
Macroscopic mechanical resonators in the quantum regime can be manipulated by integrating them with other quantum components. For instance, the superpositions of macroscopically distinct quantum states have been theoretically studied in a mechanical resonator by coupling it to a charge qubit [13] . * Electronic address: yuxiliu@mail.tsinghua.edu.cn
The quantum ground state and single-phonon control [14] have been experimentally demonstrated for a microwavefrequency mechanical resonator coupled to a phase qubit. This circuit-QED-like system [14] makes it possible to engineer arbitrary phonon states in a deterministic way as for microwave photon states [4] [5] [6] . The recent studies demonstrate that optomechanical systems [2, 3] can provide another platform to control and manipulate the quantum states of the low-frequency mechanical resonator by coupling it to a cavity field. In particular, experiments [15] [16] [17] [18] showed that the optomechanical systems are approaching the strong singlephoton coupling regime.
It has been shown that the photon blockade can occur [19] [20] [21] [22] [23] [24] in the strong single-photon optomechanical coupling when single-photons pass through the cavity of the optomechanical system. We here study a method to synthesize arbitrary nonclassical phonon states in optomechanical systems by using photon blockade and a series of sideband excitations with desired durations. We mention that the red sideband excitations were studied theoretically [25, 26] and experimentally [27] [28] [29] [30] [31] [32] for the ground state cooling of the mechanical resonators. In contrast to the method of the measurementbased [33] [34] [35] non-Gaussian phonon state generation [36, 37] in optomechanical systems, our method is deterministic one as for microwave single-phonon generation [14] . But here we need sideband excitations to make the low frequency mechanical resonator to resonantly interact with the high frequency cavity field, assisted by the driving field with the frequency matching condition, the microwave single-phonon generation requires no sideband excitations [14] .
The purpose of this paper is to present a method on the preparation of the arbitrary nonclassical phonon states in optomechanical systems. We will mainly analyze detailed steps, possible errors and experimental feasibilities. In Sec. II, the theoretical model of the optomechanical system is introduced, an effective Hamiltonian is derived in the strong single-photon optomechanical coupling regime. We find that this effective Hamiltonian is equivalent to one of trapped ions [38] . In Sec. III, we show how to synthesize phonon states by using sideband excitation and the effective Hamiltonian derived in Sec. II. In Sec. IV, we analyze the effect of the photon leakage on the fidelity of the expected target state due to small anharmonicity. In Sec. V, the environmental effect on prepared states is further studied. Moreover, we discuss the experimental feasibility and provide operational parameters in Sec. VI. The conclusions are finally given in Sec. VII.
II. THEORETICAL MODEL
We study an optomechanical system, which can be the membrane coupled to an optical cavity, or the optical cavity with one-end movable mirror, or the superconducting transmission line resonator coupled to a mechanical beam. As schematically shown in Fig. 1(a) , such system has the radiation-pressure-type interaction, and the Hamiltonian of the system driven by a classical field can be written as
Here, a † (a) is the creation (annihilation) operator of the cavity field with the frequency ω c , and b † (b) is the creation (annihilation) operator of the mechanical resonator with the frequency ω m . The parameter g describes the coupling strength between the cavity field and the mechanical resonator. The parameter Ω is the coupling strength between the cavity field and the external driving field with the frequency ω d and the phase φ d .
If an unitary transform
is applied to Eq. (1), then the Hamiltonian in Eq. (1) becomes
where ω = ω c − g 2 /ω m and η = g/ω m . It is obvious that the energy structure of the photon Hamiltonian, corresponding to the first two terms in the right hand of Eq. (2), becomes anharmonic one due to the photon-photon interaction induced by the radiation pressure. Moreover, the nonlinear photonphoton interaction term g 2 a †2 a 2 /ω m guarantees the photon blockade [20] in the optomechanical systems with the strong coupling strength g and low dissipation of the cavity field, i.e., (g 2 /ω m ) > γ c with the decay rate γ c of the cavity field. In this case, the driving field couples only two lowest energy levels |0 and |1 of the cavity field, and Eq. (2) can be further reduced to
under the two-level approximation for the cavity field with
Here, we redefine the photon operators a † and a via the ladder operator σ + = |1 0| and σ − = |0 1| in the basis of two states |0 and |1 of the cavity field. We also define the Pauli operator σ z = |1 1| − |0 0|. Hereafter, we use |e and |g to denote the single-photon excited state |1 and the vacuum (ground) state |0 of the cavity field, respectively, i.e., |1 ≡ |e and |0 ≡ |g . Moreover, the states |k with k = 1, 2, · · · , N denote the phonon number states of the mechanical resonator with the transform U .
The effective Hamiltonian in Eq. (3) is similar to one that describes the interaction between a classical driving field and a single two-level trapped cold ion vibrating along onedirection [38] . That is, the two-level trapped cold ion, the vibrating mode of the trapped ion and the classical driving field are equivalent to the two-level system constructed by two lowest energy levels of the cavity field, the vibrating mode of the mechanical resonator, the classical field applied to the cavity, respectively. The parameter η is equivalent to the LambDicke parameter in the system of trapped ion. The third term in Eq. (3) can be further written as
which can be reduced to the carrier, or red sideband excitation or blue sideband excitation precess in different resonant conditions with the language of trap ions [38] . As schematically shown in Fig. 1 , the k-phonon red sideband excitation process links the transitions between |n, e and |n + k, g under the condition ω d = ω − kω m , with an effective Rabi frequency
here C j n = n!/[j!(n − j)!], i.e., the cavity field transits from the ground (excited) state to the excited (ground) state by absorbing (emitting) k phonons assisted by the external field. The k-phonon blue sideband excitation links transition between |n, g and |n+k, e under the condition ω d = ω +kω m , with an effective Rabi frequency Ω n,k as shown in Eq. (5), i.e., the cavity field transits from the ground (excited) state to the excited (ground) state by emitting (absorbing) k phonons with the help of the external field. The carrier process links the transitions between |n, e and |n, g under the condition ω d = ω, with an effective Rabi frequency Ω n,0 given by Eq. (5) with k = 0. Therefore, no phonon absorption or emission occurs and the external field only flips the photon states in the carrier process. Under the condition (Lamb-Dicke limit)
with the average phonon number n of the mechanical vibration, we have
In this case, only a single-phonon transition occurs with the help of the driving field for k = 1 in Fig. 1(b) . The time evolution operators for the carrier, red and blue sideband precesses, described by
, are given in Appendix A, here the superscripts denote different processes, e.g., r denotes the red sideband excitation process.
III. SYNTHESIZING PHONON STATES
We have reduced the Hamiltonian in Eq. (1) of the driven optomechanical system to Eq. (4), which is similar to that of trapped ions [38] . Thus, arbitrary superpositions of different phonon number states |k
can be generated by using similar method as in the system of the trap ions [7] [8] [9] , where |c k | 2 is the probability corresponding to the phonon number state |k . We clarify Eq. (8) denotes the phonon state without the transform
In the following, our study on state preparation is in the basis with the transform U . However, the target state of the whole system is |ψ |g , which is not changed with an inversion of the transform U because U † |g = U |g = |g . Under the condition η ≪ 1, we only consider singlephonon transitions assisted by the driving field. In this case, the arbitrary phonon state as in Eq. (8) can be prepared by using the method given in Ref. [7] . We need N -step red sideband excitations and N -step carrier processes for such state preparation. The whole process can be described as
with a total time evolution operator U T (t), decomposed as
and total time
here the superscript "r" and "c" demote the red-side excitation and carrier process, respectively. The time intervals and phases in each process can be calculated by following the method given in Refs. [7, 39, 40] . The main steps are to find
In each step, the conditions
should be satisfied. Where
The conditions (13) and (14) provide the equations to determine the time intervals and phases in each process as follow:
where
Therefore, using Eqs. (16) (17) (18) (19) (20) (21) , we can obtain all time intervals and phases, and thus the expected state can be prepared. Out of the regime η ≪ 1, the arbitrary phonon state in Eq. (8) can be prepared by sequentially applying N redsideband excitations after a carrier process as shown in Ref. [9] . That is, the cavity field is first driven by the classical field with the frequency matching condition ω d = ω, then with a time interval t c 0 , the system evolves to
according to the evolution operator U After the carrier process, N red-sideband excitations are sequentially applied to the cavity with the frequency matching 
then state of the system evolves to
after the first red sideband excitation. We can properly chose the the phase φ k r and duration t r k of the N red sideband excitations such that
FIG. 2: (Color online) Schematic diagram for the information leakage to the third level due to the small arharmonicity. Here, two lowest horizontal lines in each column linked by the vertical black line with two arrows denote two-level approximation with the carrier process. The gray vertical line with the arrow pointed to the top line in each column simply denotes the information leakage in the carrier process. However, each red (dark red) slanted line with two arrows pointed to two black lines in different columns denotes the red sideband excitation (information leakage in the red sideband excitation). The first and second letter in the states, e.g, |g, 0 , denote that the cavity field and the mechanical resonator are the ground state |g and the vacuum state |0 , respectively.
then we can obtain
which is a product state of the target phonon state in Eq. (8) and the ground state |g of the cavity field.
IV. INFORMATION LEAKAGE DUE TO SMALL ANHARMONICITY
In the above, our discussions for generating an arbitrary phonon state are based on the two-level approximation of the cavity field. That is, the photon states is confined to the twodimensional Hilbert space in the basis of photon states |g and |e (or |0 and |1 ). However, we know that the anharmonicity of the cavity field induced by the radiation pressure is not very large because the optomechanical interaction is usually not very strong. Therefore, the fidelity of the prepared target phonon state will be affected by the upper levels of the cavity field. To study how the small anharmonicity of the cavity field affects the fidelity of prepared nonclassical phonon states, we now study, as an example, the interaction between the mechanical resonator and three-level photon system, formed by three lowest energy levels |0 ≡ |g , |1 ≡ |e and |2 ≡ |e ′ of the cavity field. The transition frequency between the states |e and |e ′ is assumed as ω + δ. The parameter δ characterizes the anharmoncity of the energy levels of the cavity field. The harmonic and the two-level model can be recovered when δ = 0 and δ = ∞, respectively. In optomechanical systems, the anharmonicity is δ = −2g 2 /ω m , which is a negative number, i.e., the transition frequency between the states |e and |e ′ is smaller than that between the states |g and |e . As schematically shown in Fig. 2 , the Hamiltonian H thr between the three-level photon system and the mechanical mode can be written as
by projecting the cavity field operators a † and a in Eq. (2) to three eigenstates |g , |e and |e ′ of the cavity field. Here, the parameter Ω(t) in Eq. (27) is the same as that in Eq. (3).
If the ratio η is big enough, an arbitrary phonon state can be prepared by several red-sideband excitations after a carrier process, then the information leakage only occurs in the carrier process. In the carrier process for the time interval t c 0 = π/(2Ω 0,0 ), the cavity field is prepared to its first excited state |e from the ground state |g under the two-level approximation in Eq. (3). However, when the information leakage from the first to the second exited state is considered, the wavefunction of the cavity field at the time t should be written as |ϕ(t) = c g (t)|g + c e (t)|e + c e ′ (t)|e ′ .
Three coefficients c g (t), c e (t), and c e ′ (t) can be obtained by solving the Schrodinger equation with given initial state |g . Thus, under the condition Ω ≪ |δ|, the fidelity of preparing the excited state |e can be approximately given as
(29) This type of information leakage has been studied in superconducting phase qubit systems [41] .
If the ratio η is very small, then we need several carrier processes to generate the arbitrary superpositions of different phonon states. Thus, the fidelity calculation becomes complicated when the information leakage is included. Below, we discuss the information leakage in the limit η ≪ 1. After we neglect the terms of O η 2 , the Hamiltonian in Eq. (27) becomes
As an example, we analyze the effect of the third level |e ′ of the cavity field on the fidelities for preparing the phonon states |2 and (|0 − |2 )/ √ 2 from the initial state |0, g by using the carrier and the single-phonon red sideband excitation processes. Let us first calculate the fidelity for preparing the state |2 with the following steps: At the initial time t 0 , we have c 0,g (t 0 ) = 1, and the other coefficients are equal to zero. In the step (i), the system is excited to the state |0, e from the state |0, g by the external field with the carrier process, there is information leakage to the state |0, e ′ with a probability |c 0,e ′ (t c 1 )| 2 in this process. For the time interval t c 1 = π/(2Ω), when the cavity field is prepared to the first excited state |e for the two-level approximation, the coefficient c 0,e (t 1 ), that the system is in the state |0, e at the time t 1 = t 0 + t 
when the third level of the cavity field is included, where
In the step (ii), the system evolves to the state |1, g from the state |0, e via the red-sideband excitation process and there is no information leakage in this step. From Eq. (B16) in the Appendix B with the time interval t r 2 = π/(2Ωη), the coefficient c 1,g (t 2 ), that the system is in the state |1, g at the time t 2 = t 1 + t r 2 , can be approximately given as c 1,g (t 2 ) ≈ i c 0,e (t 1 ) .
In the step (iii), the system is prepared to the state |1, e from the state |1, g via the second carrier process with the information leakage to the state |1, e ′ . With the time interval t c 3 = π/(2Ω), the coefficient c 1,e (t 3 ), that the system is in the state |1, e at the time t 3 = t 2 + t 
In the step (iv), the system evolves to the state |2, g via the second red sideband excitation with the time interval t r 4 = π/(2 √ 2ηΩ), there is information leakage to the state |0, e ′ in this step. Using Eq. (B14) in the Appendix B, the coefficient c 2,g (t 4 ), that the system is in the state |2, g at the time t 4 = t 3 + t r 4 , can be given as
Because the fidelity to prepare the state |2 is defined as
which can be given as
From Eq. (31) to Eq. (36), we can approximately obtain
Similarly, the preparation of the state (|0 − |2 )/ √ 2 also needs four steps as for that of the state |2 , but with different time intervals. Thus by using similar calculation steps, the fidelity F 2 , for preparing the superposition (|0 − |2 )/ √ 2, can be given as
Here, the parameters f ce and f rg are referred to Eqs. (32) and (36) , however the parameter f cg is given as In Figs. 3(a) and (b), F 1 and F 2 are numerically calculated and also compared with the approximated solutions in Eqs. (39) and (40) . We find that the fidelities tend to one when |δ|/Ω > 20, moreover, the fidelity is bigger than 0.9 when |δ|/Ω > 10. Thus, it is clear that the large anharmonicity δ corresponds to good two-level approximation.
V. ENVIRONMENTAL EFFECT ON PHONON STATES PREPARATION
We now study the environmental effect on the phonon state preparation. After the environmental effect is included, the dynamical evolution of the reduced density operator ρ(t) of the optomechanical system can be described by using the master equation [48] 
here, γ m is the decay rate of mechanical mode andn m = 1/[exp( ω/k B T ) − 1] is the thermal phonon number of the mechanical resonator with the Boltzmann constant k B and the environmental temperature T . In Eq. (42), we have set
When Eq. (42) is written out, we have assumed that the singlephoton energy of the cavity field is much bigger than the thermal excitation energy and the single-phonon energy of the mechanical resonator, i.e., ω c ≫ k B T and ω c ≫ ω m , thus the thermal excitation on the cavity field is neglected under the condition of the low environmental temperature. In this case, the environment of the cavity field is assumed at the zero temperature, but the environmental temperature of the mechanical resonator is assumed as a finite value T .
In the limit η ≪ 1 and also for simplicity of the calculations, we can neglect the terms including, e.g. ηγ m bρa † a and O η 2 , thus Eq. (42) is simplified to
with the photon operator given by
in the basis of three lowest energy levels of the photon system. The fidelity of the prepared phonon states can be calculated by [49] 
where ρ t is the density operator of the target phonon state and ρ r is the reduced density operator of the mechanical resonator obtained by numerically solving the master equation (45) . The fidelities, for preparing states |2 and (|0 −|2 )/ √ 2, as a function of the cavity decay rate γ c /Ω are shown in Fig. 4 . We find that the fidelities decrease with the increase of the decay rates of the cavity field and mechanical mode. To obtain the acceptable fidelity of the prepared state, the decay rates should be much smaller than the Rabi frequency of the external driven field, i.e. γ c ≪ Ω. Moreover, the fidelities of the target states decrease with the increase of the thermal phonon in the mechanical resonator.
VI. DISCUSSIONS ON EXPERIMENTAL FEASIBILITY
Let us now discuss the experimental feasibility of our proposal. (i) Similar to the ground-state cooling of the optomechanical system, the generation of arbitrary superpositions of phonon states relies on the sideband excitations. This means that the frequency ω m of the mechanical resonator and the decay rate γ c of the cavity field have to satisfy the condition ω m > γ c . (ii) Our proposal should work at the singlephoton strong coupling regime as for the photon blockade [20, 21] in optomechanical systems, thus the coupling strength TABLE I: Summary of the Lamb-Dicke parameters for current optomechanical experiments in microwave and optical domains. In the table, ωc and γc are the frequency and the decay rate of the cavity, the parameters ωm and γm are the frequency and the decay rate of the mechanical resonator, g is the optomechanical coupling constant, and η = g/ωm is the Lamb-Dicke parameter. The values given in parentheses are the expected experimental parameters achieved in the future for realizing our proposal. F1 and F2 are the fidelities for preparing states |2 and (|0 − |2 )/ √ 2, respectively. They are calculated at the zero temperature (nm = 0) by using the parameters given in the parentheses with the corresponding Rabi frequency Ω. g and the frequency ω m of the mechanical resonator should be larger than the decay rates γ c and γ m of the mechanical resonator and the cavity field, i.e., ω m , g ≫ γ c , γ m . Moreover, the nonlinear photon-photon interaction strength g 2 /ω m should be bigger than the decay rate γ c of the cavity field, i.e., (g 2 /ω m ) > γ c , such that the single-photon excitation or photon blockade can be guaranteed and the two-level approximation can be applied. (iii) Negligible information leakage requires that the strength Ω of the classical driving field should be smaller than the anharmoncity 2g 2 /ω m in the carrier process. However, coherent transfer of excitations requires that the excitation time 2π/Ω of the cavity field should be much smaller than the decay times 2π/γ c of the cavity field for negligible temperature effect and 2π/[(n m + 1)γ m ] of the mechanical mode at the finite temperature. Here, the thermal phonon numbern m is referred to Eq. (42). (iv) As in trapped ion systems [9] , the big Lamb-Dicke parameter η = g/ω m corresponds to the fast preparation of the multi-phonon states. Therefore, the big η is more desirable for our proposal.
Based on above discussions, we estimate experimental parameters for our goal. In Table I , we have summarized the parameters used for current experiments of optomechanical systems. We find that the promising candidates for realizing our proposal might be the optomechanical crystal devices [31] , the ultracold atoms in optical resonators [15, 16] and superconducting circuits [17] . However, the parameters, e.g., the coupling strength g and the frequency ω m of the mechanical resonator, used for current experiments [15] [16] [17] 31 ] still need to be improved several orders of magnitude for our proposal. The improvements for decay rates γ c and γ m might be achieved by further increasing the quality factors of the optical cavity and mechanical resonator. However, the coupling constant g might be effectively increased by adding some impurities in the optomechanical systems [50] . In the zero temperature withn m = 0, we calculated the optimal fidelities F 1 and F 2 for the target states |2 and (|0 − |2 )/ √ 2 using further possible parameters, as shown in parentheses of Table I , we find that the fidelities F 1 > 0.7 and F 2 > 0.8 can be achieved with these parameters.
VII. CONCLUSIONS
In summary, we have proposed a method to synthesize arbitrary non-classical single-mode phonon states in optomechanical systems by combining photon blockade and sideband excitations. Similar to the photon blockade [20, 21] , our proposal relies on the single-photon strong coupling condition such that the two-level approximation for the cavity field can be made in the optomechanical systems. Our proposal opens up a possible way to deterministically engineer arbitrary nonclassical single-mode phonon states on chip, and can also be generalized to engineering of multi-mode entangled phonon states in optomechanical systems [51] . The parameters, taken for calculations of the fidelities by us, are ambitious, but we hope that our proposal can be realized in the near future with significant improvement of the experiments. To show how the time evolution operators of the carrier, red and blue sideband precesses can be derived, it is convenient to work in the interaction picture by using
with
here, the Hamiltonian H th is given in Eq. (4). Equation (A1) can be further expressed as
Using the Schrödinger equation, the wave function at any time t can be given by
where U (t) = exp (−iV t/ ) is the time evolution operator. By using the identity operator
we can write out the time evolution operator U (t) explicitly for different resonant conditions. If the cavity is driven by a red-sideband excitation with the frequency of the driving field
with the Rabi frequency
When the cavity is driven by blue-sideband excitation with the frequency ω d = ω + kω m , then the time evolution operator is U
Finally, if the driving filed is resonant with the two-lowest energy levels of the cavity field, e.g. ω d = ω, then the carrier process occurs and the time evolution operator is U c (t c ) = +∞ n=0 U c n,0 (t c ) with the time interval t c , where
Under different resonant conditions, dynamical evolutions of the system are governed by the red sideband excitation, blue sideband excitation, and carrier process with the time evolution operators given in Eqs. (A5)-(A8), respectively.
Appendix B: Leakage effect
In order to analyze the effect of the third level |e ′ of the cavity field on the fidelity for preparing the phonon states |2 and (|0 − |2 )/ √ 2 from the initial state |0, g , let us assume that the wavefunction of the optomechanical system for the carrier and sideband excitations can be written as |ϕ(t) = c 0,g (t)|0, g + c 1,g (t)|1, g + c 2,g (t)|2, g +c 0,e (t)|0, e + c 1,e (t)|1, e + c 2,e (t)|2, e +c 0,e ′ (t)|0, e ′ + c 1,e ′ (t)|1, e ′ + c 2,e ′ (t)|2, e ′ ,
at the time t, where sideband excitation includes only the single-phonon process. 
where m = 0, 1, 2 denote the phonon states and i = g, e, e ′ denote the photon states. In Eq. (B2), we have also used the relations Here, m takes values 0, 1 and 2, which correspond to three different block matrixes.
In the condition δ ≫ |A| , |B|, the general solutions of Eq. (B5) can be given as c G (t) = ω n c n exp (−iω n t) ,
c E ′ (t) = 1 AB 3 n=1 ω 2 n − A 2 c n exp (−iω n t) ,
with the parameter Ω R , defined as
